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Abstract 

We will present a collection of guessing principles which have a 
similar relationship to <0> as cardinal invariants of the continuum have 
to CH. The purpose is to provide a means for systematically analyzing 
<0> and its consequences. It also provides for a unified approach for 
understanding the status of a number of consequences of CH and (} 
in models such as those of Laver, Miller, and Sacks. 

1 Introduction 

Very early on in the course of modern set theory, Jensen isolated the following 
combinatorial principle known as ^>: 

(} There is a sequence A a (a < u)\) such that for all a < u\, A a C a and if 
X is a subset of u\ then set 

{a < u)\ : X fl a = A a } 

is stationary. 
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Jensen used this principle to construct a Suslin tree jT7j and later many other 
constructions were carried out using ^> as an assumption — see • 

The purpose of this paper is to provide a broad framework for analyzing 
the consequences of Jensen's <0> principle. Our intent is to present an array 
of <0-principles which have the same relation to <0> as the cardinal invariants 
of the continuum (see e.g. |2j or jH]) have to the Continuum Hypothesis. We 
will approach an analysis of <0 in much the same way as Blass approaches 
cardinal invariant inequalities in [1]. 

Our immediate motivation in this consideration stems from the isolation 
of the principle <)o in jT3] (see also [TE]). 

<0o There is a sequence g a : a — > u indexed by u)\ such that for every 
/ : uj\ — > uj there is an a > uj with / \ a <* g a . 

This principle implies D = u)\ (for much the same reason as <0> implies c = uj\), 
follows from d = ui + Jft, and holds in most of the standard generic extensions 
in which d = uj\ holds [16J. 1 The main interest in it comes from the following 
fact relating to the question of whether = u)\ implies a = u 1 . 

Theorem 1.1. ' L 16l implies a = 

It was initially unclear whether other cardinal invariants of the contin- 
uum, such as b and s, have similar <)-like principles corresponding to them. 
The cardinal s was of particular interest in this context, since it seemed that 
the construction of the Ostaszewski space from u>\ random reals in j22] should 
be a consequence of a principle similar to ^> s (whatever that might be). 

It turned out that the correct language to use for formulating <)-principles 
like those mentioned above was developed by Devlin and Shelah in [7j. They 
considered the following statement 

$ For every F : 2 <UJl — > 2 there is a g : u)\ —>■ 2 such that for every / : u\ — > 2 
the set {a & u>\ : F(f \ a) = g(a)} is stationary. 

which they showed to be equivalent to 2 X ° < 2 Hl . The framework of the 
weak diamond principle $ of [7 a allows for the definition of two classes of 

1 Another {)-like principle in this spirit is the statement (}(uj^) presented in Section 6.2 
of 36 (Definition 6.37). To draw an analogy, this principle might also be called Onon(M) m 
the language of JS| ( see Theorem 6.49 of )• Also, Shelah has considered some specific 
cases of $(A, B, E) defined below in the appendix of |27j . 
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^-principles, <&(A, B, E) and (}(A, B, E), each taking a cardinal invariant 
(A, B, E) as a parameter. 

Like <0 , these principles all imply that the corresponding cardinal invari- 
ant is u)\. They all follow from (}, with <0>(c) and $(c) both being equivalent to 
^>. They also each have a "guessing" component which allows them to carry 
out constructions for which one historically has used ^>. Moreover, many of 
the classical <0 constructions seem to fit very naturally into this scheme. For 
instance the standard construction of a Suslin tree from (} really requires 
only ^>(non(.M)). Also like ^> , the principles Q(A, B,E) hold in many of 
the natural models in which their corresponding cardinal invariant {A, B, E) 
is uoi. For instance <)(b) holds in Miller's model and <0(cof (N)) holds in both 
the iterated and the "side-by-side" Sacks models. 

The paper is organized as follows. Section El introduces an abstract 
form of a cardinal invariant of the continuum and formulates the principles 
<&(A, B,E) which serve as a first approximation to (}(A, B, E). Section |3] 
presents the Suslin tree construction from (} in the language of $(non(.M)). 
Section |U introduces a refinement of B, E) called (}(A, B, E) and gives 
some explanation for our choice of it over B, E). Section|S]presents some 
more constructions which use <0>(A B, E). Section shows that (}(A, B, E) 
holds in many of the models of (A, B, E) = t0\. Section [7| studies the role of 
(}(A, B, E) in studying cardinal invariants other than those fitting into our 
framework. Section |S] presents a proof that (}(A, B, E) is not a consequence 
of CH for any of the classical invariants (A, B, E). 

Our notation is, for the most part, standard (see JH]). We will use A B 
to denote the collection of all functions from B to A. 2 <W1 will be used to 
denote the tree of all functions from a countable ordinal into 2 ordered by 
extension. If t is a function defined on an ordinal, then we will use \t\ to 
denote the domain of t. Otherwise \A\ will be used to denote the cardinality 
of a set A. The meaning of | • | should always be clear from the context. If B 
is a Borel subset of a Polish space, we will often identify it with its code and 
use this code to define B in forcing extensions. We will use B to represent 
the name for this set in the forcing extension. 

Many of the constructions in this paper will require choosing a sequence 
es : to <->• 8 of bijections for each 6 G u)\ or an increasing sequence S n (n G to) 
which is cofinal in 8 for limit 8. To avoid repetition, we will fix a sequence of 
bijections es (8 G toi) and cofinal sequences 8 n {n G to) for limit 8 once and 
for all. If there is a need to refer to, e.g., a special cofinal sequence in 8 we 
will use 8 n {n G to) for the sequence instead. 
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2 Abstract cardinal invariants and <E> 



The following structure allows for a compact definition of many of common 
cardinal invariants of the continuum. 

Definition 2.1. [33] An invariant is a triple (A,B,E) such that 

1. A and B are sets of cardinality at most |R|, 

2. ECAxB, 

3. for every a E A there is a b G 5 such that (a, 6) G -E, 

4. for every b £ B there is an a G A such that (a, 6) G" -E. 

Usually we will write aEb instead of (a, b) G E. 

Definition 2.2. If (A, B, E) is an invariant, then its evaluation (A, B, E) is 
given by 

(A, B, E) = min{|A| : X C 5 and (Va G A) (36 G X)(aE6)} 

If A = B then we will write (A, E) and {A, E) instead of (A, B, E) and 
(A, B, E) respectively. Two typical examples of invariants are (A/", C) and 
(M,R, jt). The evaluations (A/", C) and (M,R, ^) are clearly just cof (AT) and 
non(A / i). Even though, strictly speaking, A4 and A/" are ideals of cardinality 
2 C they both have a basis consisting of Borel sets, hence of cardinality c. If an 
invariant (A, B, E) already has a common representation, we will use such 
a representation instead of (A, B, E). Moreover, we will abuse notation and 
use these representations to abbreviate both the invariant and its evaluation. 
What we mean should always be clear from the context. 

Definition 2.3. Let (A, B,E) be an invariant. B,E) is the following 

statement: 

B, E) For every F : 2 <Wl — > A there is a g : u)\ — > B such that for every 
/ : uji — » 2 the set {q G Wi : F(/ |~ a)-E'g(a)} is stationary. 

The witness g for a given F in this statement will be called a (}(A, B, E)- 
sequence for F. If F(/ \ 5) Eg (5) then we will say that g guesses / (via F) 
at 5. 
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Proposition 2.4. <0 implies <&(A,B,E) for any invariant (A,B,E). 

Proof. Let A a (a 6 Wi) be a diamond sequence which guesses elements of 
2 W1 (A a is in 2°). Set g(a) to be any be B such that F(A a )Eb. Then g is a 
(}(A, B, i?)-sequence for F since for all / : u)\ — > 2 

{5eu 1 :f\S = A s }C{5eu 1 :F(f\ 5)Eg(5)}. 

□ 

Proposition 2.5. &(A,B,E) implies (A,B,E) is at most u\. 

Proof. Let F : 2 W — > A be a surjection and extend F to 2 <Wl by setting 
F(t) = F(t \ uS) if t has an infinite domain and defining F(t) arbitrarily 
otherwise. Let g be a 5, i?)-sequence for F. It is easy to see that the 
range of g witnesses (A, B, E) < uj\. □ 

Notice the resemblance of this proof to the standard proof that ^> implies 
CH. In fact, if we view c as the invariant (R, =) then we have the following 
fact. 

Proposition 2.6. $(c) is equivalent to (}. 

Proof. By Proposition 12.41 we need only to show that $(c) implies (}. For 
each infinite a G ui, fix a bijection H a : 2 a — > R. Set F(t) = H a (t) where 
a = \t\. Let g be the <)(c)-sequence for this F. Set A a = It is 

easy to see that A a (a G ui) is a <)-sequence. □ 

Proposition 2.7. $(R W , □) is equivalent to (}. Here f C g iff the range of 
f is contained in the range of g. 

Proof. Combine the previous proof with the Kunen's result stating that <^ is 
equivalent to (see [H]). □ 

A natural question which arises is: "When do relations between invariants 
translate into implications between the corresponding <0-principles?" This is 
largely answered by the next proposition. 

Notation. (Tukey ordering jSlj) If (Ax, Bi, E\) and (A 2 , B 2 , E 2 ) are invari- 
ants then 

(A 1 ,B 1 ,E 1 ) < T (A 2 ,B 2 ,E 2 ) 

when there are maps <fi '■ A\ — > A 2 and if) : B 2 — > B\ such that (0(a), b) G E 2 
implies (a, ip(b)) G E\. 



5 



As one would expect, the Tukey ordering on invariants gives the corre- 
sponding implications for $ principles. 

Proposition 2.8. If(A 1 ,B 1 ,E 1 ) < T (A 2 , B 2 , E 2 ) then ^(A^B^EJ is a 
consequence of $(A 2 , B 2 , E 2 ) . 

One should exercise caution, however, when trying to turn inequali- 
ties between evaluations of cardinal invariants into implications between (}- 
principles. For instance, (u) u , <*) are (u", <) have the same evaluation but 
seem to give rise to different <)-principles. We will use d to denote (a/", <*). 

The smallest invariant in the Tukey order is (R, ^). It is known that 
$(2, 7^) is equivalent to $(R, ^) — this was noted by Abraham and can be 
extracted from jjj. The proof is given for completeness. 

Theorem 2.9. <E>(2,^) is equivalent to $(R, ^). 

Proof. Since (R, ^) is below (2, in the Tukey order, it suffices to show that 
$(R, ^) implies $(2,^). To this end, suppose that F : 2 <Wl — ► 2 witnesses 
that $(2, 7^) fails. Define a function F* whose ranges is contained in 2 W 
and whose domain consists of functions of the form t : 5 x uj — > 2 so that 
F*(t)(i) = F(t(-,i)). Now let g : u)\ —>■ 2 W be given. To see that g is not a 
0(R, ^-sequence for F*, pick closed unbounded sets C n C u;i and functions 
/ n : cji — > 2 such that F(f n \ 5) = g(8)(n) for every n and 5 in C n . Now 
define / : wi x w -> 2 W by putting n) = /„(<*). Then f 5 x w) = g(5) 

whenever 5 is in f] neLU C n . □ 

3 The Suslin tree construction 

In order to get a feel for how the statements <&(A, B, E) are used, we will 
begin by revisiting an old construction and translating it into the language 
which we have developed. 

Theorem 3.1. $(non(.M)) implies that there is a Suslin tree. 

Proof. By some suitable coding, F will take triples (a, -<, A) as its argument 
where a G u>i, -<C a 2 , and A C a. F will be defined to be the empty set 
unless 

1. a is a limit of limit ordinals, 
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2. -< is a tree order on a G U\ of limit height, 

3. if 7 < a then for every S less than the height of (a, -<) there is a 7 < a 
with 7^7 and the height of 7 greater than 5, 

4. every element of a has exactly u immediate successors in -<, 

5. if £ < a, then [£ • a;, £ • u) + a;) is exactly the collection of elements of 
(a, -<) of height £, and 

6. A is a maximal antichain in (a, -<). 

For such a triple (a, -<!, A) let a n (n G be an increasing sequence cofinal 
in a and such that each a n is a limit ordinal. Let [a, -<} denote the collection 
of all cofinal branches through (a, -<). Define 

^ : [a, -<] -> u>" 

by setting 0^ (6) (n) to be the unique & such that a n + k is in 6. Notice that 
if A C a is a maximal antichain then 

N(a, -<, A) = {4>^(b) : b G [a, -<] and A n 6 = 0} 

is closed and nowhere dense in cj a \ Also, observe that 0^ is a surjection. Let 
-<, A) be the collection of all finite changes of elements of N(a, -<, A). 

Now suppose that g : u\ — > a; w is a <C>(non(A / i))-sequence for F. Construct 
a tree order -< on uj\ by recursion. Define (u 2 , -<) so that it is isomorphic to 
u <u) orc [ erec i by enc i extension. Now suppose that (a, -<) is defined and has 
limit height. Extend the order to (a + oj, -<) in such a way that a cofinal 
branch b in [a, -<] has an upper bound in (a + u, -<) iff 0^(6) is eventually 
equal to Now extend -< to a + u 2 in such a way that conditions 1-5 

above are satisfied. 

To see that (a>i, -<) is a Suslin tree, suppose that A C u\ is a maximal 
antichain in -<). By the same crucial lemma as in the standard ^> con- 
struction (see Lemma 7.6 in Chapter II of [T§] ) the set of a < u\ such that 
A fl a is a maximal antichain in (a, -<) contains a closed unbounded set C. 
If (7 guesses (lo\,^,A) at a G C and F(a,-<f a, An a) is nonempty, then 
A n a is a maximal antichain in (a + a;, -<). It is now easily verified using 
properties 1-4 above that, since A C a is a maximal antichain in (a + o;, -<), 
it is maximal in (o>i, -<) as well. □ 
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A reader familiar with the classical construction of a Suslin tree from <0 
(see, e.g., Section II. 7 of [12]) should have no trouble in seeing that this is 
indeed the same construction with the assumption reduced to the minimum 
required to carry out the argument. In Section we shall comment that the 
principle <0>(non(./Vf)) implied by $(non(A^)) suffices for this construction 
and in SectionEJwe will see that <0(non(.M)) is in fact much weaker than ^>. 

4 0(A B,E) — a definable form of B, E) 

The purpose of this section is to demonstrate that Q(A, B, E) is, in general, 
too strong to hold in typical generic extensions in which (A,B,E) = u}\. 
We will, however, recover from it a principle (}(A, B, E) which is still strong 
enough for most of the combinatorial applications of Q(A, B, E) and which 
is of a more appropriate strength. 

Proposition 4.1. §(A,B,E) implies 2" < 2 Wl . 

Proof. Suppose that 2 W = 2 Wl . Let H : 2 U -> B Ul be a surjection. Define 
F(t) to be any a in A such that (a,H(t \ u)(\t\)) is not in E. Now if 
g : ui ^ B is given, pick an / : uo\ — > 2 such that H(f \ uS) — g. It is easily 
checked that g does not guess / at any 5 > u. □ 

A closer look at the uses of B, E) presented in Sections El and El 
reveals that in all cases the maps F which were used in the proofs could 
be chosen to be nicely definable. This, generally speaking, is atypical of 
the map F in the proof of Proposition 14.11 Before we discuss the principles 
(}(A, B, E), we first need to define the notion of a Borel invariant. 

Definition 4.2. jl] An invariant (A, B, E) is Borel if A, B and E are Borel 
subsets of some Polish space. 

With slight technical changes, all of the "standard" invariants (A, B, E) 
can be represented as Borel invariants. The invariants for which this is non 
trivial are those in Cichoh's diagram. First note that the Gs null and F a 
meager sets generate M and M. respectively. Furthermore, C is a Borel 
relation on a cofinal subset of the Gs null and F a meager sets. The details 
for the category invariants are handled in Section 3 of jl]. For null sets, one 
can use the fact that any null set is contained in the union of two small sets 
and that the containment relation on such unions is Borel (see Section 2.5 of 
[2j for a discussion of small set and their relation to null sets). 
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Definition 4.3. Suppose that A is a Borel subset of some Polish space. A 
map F : 2 <UJl — > A is Borel if for every 5 the restriction of F to 2 s is a Borel 
map. 

As we will see throughout this paper, the maps F which we are actually 
interested in considering in the context of <&(A, B, E) all can be made to 
satisfy this requirement. This motivates the following definition. 

Definition 4.4. Let (A,B,E) be a Borel invariant. <)(A,B,E) is the fol- 
lowing statement: 

(}(A, B, E) For every Borel map F : 2 <W1 — > A there is a g : U\ — > £> 
such that for every / : o>i — > 2 the set {a G k>i : F(/ f a)^p(a)} is 
stationary. 

Aside from the fact that (}(A, B, E) often suffices for applications of 
$(A,B,E), it is also the case that, unlike $(A,B,E), <}(A,B,E) is often 
forced in the standard models where (A, B, E) = u>\ is forced. This is the 
content of Section El The key property of Borel maps which we will need 
in Section El is that if M is a model of ZFC (usually an intermediate forcing 
extension) which contains the codes for A and F \ 2 s and t G 2 s then F(t) 
can be computed in M. Often it will be convenient to define a map F only 
on a Borel subset of 2 5 for each 5. In such F will assume a fixed 

constant value elsewhere. 

The reader is now encouraged to re-read Section El and convince them- 
selves that (}(A, B, E) suffices in each case in which <&(A, B, E) was used as 
an assumption for a particular Borel invariant (A,B,E). For instance we 
have the following theorems. 

Proposition 4.5. (}(c) is equivalent to (}. 

Proposition 4.6. ^>(K, j^) is equivalent to (}(2,^). 

Theorem 4.7. <^(non(A^)) implies the existence of a Suslin tree. 

Another problematic aspect of the statements <&(A, B, E) is that under 
CH, the Tukey types of many of the standard invariants are reduced to 
(u)i,<). For instance, under = u\ the Tukey type of (c^, <*) reduces 
to (uji, <) and hence $(0) is equivalent to <) (see jSZj)- The Tukey 

maps in such situations, however, are generally far from being definable. The 
analog of Proposition 12.81 for (}(A, B, E) avoids this. 



9 



Definition 4.8. (Borel Tukey ordering jlj) Given a pair of Borel invariants 
(Ax, B x , Ex), (A 2 ,B 2 ,E 2 ) We will say that (Ax,B x ,Ex) (A 2 ,B 2 ,E 2 ) if 
(Ax, Bx, Ex) <t (A 2 , B 2 , E 2 ) and the connecting maps are both Borel. 

Proposition 4.9. If (Ax, Bx, Ex) <| (A 2 ,B 2 ,E 2 ) then 0(A 2 , B 2 , E 2 ) implies 
0(Ax,Bx,Ex). 

It turns out that the Tukey connections between all the invariants we will 
consider satisfy the above requirement (see jlj) and hence implications such 
as 0(add(.M)) implies ^(add(AT)) hold. 

5 Some more constructions 

The purpose of this section is to present some more topological and com- 
binatorial constructions. The first construction is that of the Ostaszewski 
space of [21]. Recall that an Ostaszewski space is a countably compact non- 
compact perfectly normal space. Usually this space is considered to have the 
additional property that its closed sets are either countable or co-countable. 
Originally this space was constructed using % + CH, an equivalent of <0 

Unlike the example of the Suslin tree, which does not seem to yield any 
new models in which there are Suslin trees, the hypothesis we use in the 
construction makes it rather transparent that there are Ostaszewski spaces 
after adding u\ random reals. The construction of an Ostaszewski space from 
a sequence of random reals (see (22] or |22j ) and a careful analysis of the 
combinatorics involved was one of the main motivations and inspirations for 
the formulation of (}(s) and consequently (}(A, B, E) for arbitrary invariants 
(A,B,E). 

Notation. Let denote the collection of all partitions of uo into infinitely 
many infinite pieces. 

Recall that if A, B C co then A is split by B if both An B and A\B 
are infinite. The invariant which seems to be at the heart of Ostaszewski's 
construction is 

5 " = ([oof, (u)%,is split by all pieces of), 

a close relative of 

8= ([wf.is split by). 
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The invariant s u is connected to non(.M) and non(AT) by the following propo- 
sition. 

Proposition 5.1. is below both non(A^) and non(AT) in the Borel Tukey 
order. 

Proof. Let n be the product measure on obtained by setting yu({n}) = 
2~ n ~ 1 . Let S be the collection of all / in uf° which take the value n infinitely 
often for each n. It is easily verified that S is both comeager and measure 
1 and hence we can view non(A^) = (Ai,S,jt) and non(A/") = (Af,S,jt). 
Define : [uj\° — > M. fl J\f by letting 4>(A) be the collection of all / in 
S which take all values infinitely often on A. Define ifj : S — > (u;)£J by 
ip(f) = {f~ l {n) : n £ lu}. It is easily verified that this pair of maps gives the 
desired Borel Tukey connections. □ 

Theorem 5.2. ^(s w ) implies the existence of a perfectly normal countably 
compact non-compact space (i.e. an Ostaszewski space). 

Proof. Again by suitable coding, we will take the domain of F to be the set 
of all triples (a, B, D) such that a e a>i, B — (U 7 : 7 < a) where U 7 C 7 + 1, 
7 G ?7 7 , and D C a. Given a pair (a, £>) as above, let 773 be the topology on 
a generated by taking B as a clopen subbase. £>, D) is defined to be ui 
unless 

1. a is a limit ordinal, 

2. C/ 7 is compact in rg for all 7 < a, 

3. for every 7 < a, the closure of [7, 7 + a;) in (a, tq) is [7, a), and 

4. does not have compact closure in (a, Tg). 
Define V^ n for n in a; by setting V^ j0 — t4 a (o) an d 

14,n = ^e a (fc) \ [J V^j 

where k is minimal such that this set is nonempty and such that e a (n) is 
covered by V a j for some i < n. Thus {V a . n : n G w} is a partition of (a, rg) 
into compact open sets. Set F(a, £>, D) to be the collection of all n such that 
D fl V^ n is nonempty. Notice that since V a>n is compact for all n and D does 
not have compact closure, F(a, B, D) is infinite. 
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Now let g : u)\ — > (a;)" be a <^(s w )-sequence for F. Define a locally 
compact topology (wi,Tg) by recursion. Suppose that B \ a have been 
defined so far, satisfying 1-3. Notice that if A C co and a, a' G (a>)£ are 
such that A is split by all pieces of a and every element of a' contains some 
element of a then A is split by every element of a'. Thus by altering g(a), if 
necessary, we may assume that for each k, the collection {V ajTl : n G g(a)(k)} 
has a union which is cofinal in a. Let 



Since U a+ k is cofinal in a for all k, the closure of a co-bounded subset of a 
is co-bounded in a + u>. 

Clearly (o>i, r Wl ) is not compact since all initial segments are open in r Ul . 
To finish the proof, it suffices to show that closed sets are either compact or 
co-countable. Now suppose that D C oj\ does not have compact closure. Let 
5 G u>i be such that F(<5, £> \ 5, D n 5) is defined and is split by every element 
of g(S). Then D f] 5 must accumulate at 5 + n for all n. It follows from El 
that the closure of D in uj\ is co-bounded. □ 

As mentioned above, the construction can be carried out using <0(non(yV)) 
which holds after adding oj\ random reals. Eisworth and Roitman have shown 
that the construction of an Ostaszewski space can not be carried out under 
CH alone and hence some form of a guessing principle is required [TT] . While 
the space above is hereditarily separable, the following question is open: 

Question 5.3. Does <^(non(A/")) imply the existence of a non-metric compact 
space X such that X 2 is hereditarily separable? 

We will now pass to a purely combinatorial construction. Recall that a 
sequence A a : a — ► 2 indexed by U\ is coherent if for every a < (3 A a =* Ap \ 
a. Such a sequence is trivial if there is a B : oj\ — > 2 such that A a =* B \ a for 
all a. Non-trivial coherent sequences can be constructed without additional 
set theoretic assumptions 35 . The conclusion of the following theorem is 
deduced from <) in [9], though unlike Theorems 13.11 and 15.21 the argument 
presented here does not mirror an existing argument. 

Theorem 5.4. (}(b) implies that there is a coherent sequence A a (a G uo\) 
of binary maps such that for every uncountable set X , there is an a G u)\ 
with A a taking both its values infinitely often on X fl a. 




neg(a)(k) 
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First we will need the following fact which seems to be of independent 
interest. Recall that a ladder system is a sequence (Cg : 5 G lim(a;i)) such 
that Cs is a cofinal subset of 5 of order type u for each limit ordinal 5 G U\. 

Theorem 5.5. (}(b) implies that there is a ladder system Cg such that for 
every sequence of uncountable sets C u>i (7 G u)\) there are stationarily 
many 5 such that X 1 fl Cg is infinite for all 7 < 8. 

Proof, (of Theorem 15 .5p Let X = (X^ : 7 < 5) be a given sequence of subsets 
of S and set F(X) to be the identity function unless S is a limit ordinal and 
X 7 is unbounded in 5 for all 7 < 5. Set 

F(X)(n) = max (min^ 1 ^) : 7 G X ej(i) \ 5 n }} . 

i<n 

Now suppose that 5 : uj\ — > oj^ is a <^(b)-sequence for F. By making g{$) 
larger if necessary, we may assume that 

g(5)(n) > ef{5 n ). 

Set 

00 

Cs = |J{7 < 5 : (e J - 1 ( T ) < g(5)(n)) and (7 > 5 n )}. 

n=0 

Clearly Cg is an w-sequence which is cofinal in 5 and it is routine to check 
that it satisfies the conclusion of the theorem. □ 

Definition 5.6. A binary coherent sequence A almost contains a ladder 
system C if A a is eventually 1 on Cg whenever 5 < a. 

Notice that if C satisfies the conclusion of Theorem 15.51 then for any 
binary sequence A a which almost contains C and any uncountable set X, 
there is an a such that A a takes the value 1 infinitely often on X fl a. Since 
coherence implies that this occurs for all /? > a as well, it suffices to prove 
the following lemma. 

Lemma 5.7. (}{b) implies that for every ladder system C there is a coherent 
sequence A which almost contains C such that for every uncountable set 
X C oj\ there is an a such that A a takes the value infinitely often on 
XHa. 
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Proof. First recall the following notion of a minimal walk (see |3U] or EI])- ^ 
a < P then ft (a) = mm(Cp \ a). Here C a+ \ = {a}. Define j3 l (a) recursively 
by setting f3°(a) = (3 and (3 i+1 (a) = (3\a)(a). Let 

CLpipt) = \Cpk-ir a -\ Pi a\ 

where k is the minimal such that (3 k (a) = a. That is, ap(a) is the weight of 
the last step in the walk from (3 to a. 

Now let X C 5 be given. Define F(X, 6) to be the identity function unless 
X is cofinal in 5 in which case set 

F(X, 5)(n) = min{a 5 ( 7 ) : >y e 6 nX\8 n }, 

where 8 n (n G u) is an increasing enumeration of Cg. 

Let g : uj\ — > w u be a <0(b)-sequence for F. By making functions in (7 
larger if necessary we may assume that g(a) is monotonic for all a. Set 

bp{a) = max g((5\a))(\C fi i^ a ) n a|) 

i<k — 1 

if the maximum is over a nonempty set and otherwise (where, again, k is 
minimal such that (3 k (a) = a). Define Ap(a) to be if ap(a) < bp (a) and 1 
otherwise. 

It is routine to show that a and b are both coherent and hence that A 
is coherent (see section 1 of [SDl or jSI])- It is equally routine to show that 
bp is eventually constant on any ladder while ap is eventually 1-1 on each 
ladder and hence A almost contains C. To see that A satisfies the conclusion 
of the theorem, let X be an uncountable set. Fix a 5 such that X n S is 
cofinal in 5 and g{5) is not dominated by F(Xf]S, 5). Let 7 < 5 be arbitrary. 
It suffices to find an a in X D 5 \ 7 such that ^(a) = 0. Let n be such 
that 5„ > 7 and F(X n 5, 5)(n) < g(5)(n). Let a G X n 5 \ 5 n be such that 
a 5 (a) = F(ln<5,(5)(n). Now 

b s (a) > g(S)(\C s n a|) > ^(<5)(n) > a 5 (a) 

which finishes the proof. □ 

Question 5.8. For which Borel invariants (A,B,E) does (}(A, B,E) imply 
the existence of a c.c.c. destructible (a>i,a>*)-gap in [u]"? 
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6 Canonical models for §(A, B, E) 



The purpose of this section is to show that, for the classical invariants 
(A, B, E), (}(A, B, E) holds in many of the standard models for (A, B, E) = 

Theorem 6.1. Let C W1 and TZ Ul be the Cohen and measure algebras corre- 
sponding to the product space 2 Wl with its usual topological and measure the- 
oretic structures. The orders C u)1 and TZ^ force <)(non(7W)) and <^(non(AT)) 
respectively. 

Proof. The arguments for each are almost identical so we will only present 
the case of TZ^i- Let G be an 7?.^ -name for the element of 2 aJ1 corresponding 
to the generic filter. Fix an 7^-name F for a Borel map from 2 <W1 to J\f 
and let f$ be an 7^ -name for a real such that F \ 2 s is definable from fs- 
Pick a strictly increasing function / : uj\ — > uo\ such that fs is forced to be 
in V[G \ f(S)}. Let g(8) be defined to be G \ [f (5) J (6) + u) (interpreted 
canonically as a real). 

To see that g works, let / : u>i — > 2 be an ^j-name. Let C be the 
collection of all S for which it is forced that / |~ 5 e Y[G \ S\. Because TZ^ is 
c.c.c, C is closed and unbounded. Since G is generic, g(5) avoids every null 
set coded in V[G \ f(S)], including F(f \ 6). □ 

The above proof actually shows that <0*(non(./W)) and <0*(non(A/")) hold 
in the corresponding models where (}*(A, B, E) is obtained from <C>(A B, E) 
by replacing "stationary" by "club." One could, of course, produce a myriad 
of results of a similar flavor: e.g. ^>*(cof (.M)) holds after adding uj\ Hechler 
reals or ^>*(s) holds after generically adding a sequence of u)\ independent 
reals. 

It should be noted that the results of [TSj, |22], and [33] place consider- 
able limitations on the strength of ^>*(non(A/")) — and hence <0(non(A0) ~ 
as they show that there are a number of consequences of MA^ which are 
consistent with <)*(non(A/")). For instance Theorem 16.11 gives the following 
corollary which contrasts the remarks preceding Definition 14.81 

Theorem 6.2. It is relatively consistent with CH that <^(non(A/")) holds but 
0(non(A4)) fails. 

Proof. By a result of Hirschorn ^3] , it is consistent with CH that after forcing 
with any measure algebra there are no Suslin trees. After forcing with TZ^ 
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over this model we obtain a model in which <0>(non(.M)) fails but <0>(non(A/")) 
holds. □ 



So in particular, <0(non(jV)) is not sufficient to carry out the construction 
of a Suslin tree. 

Question 6.3. Does ^(b) imply the existence of a Suslin tree? 

This also suggests the following meta-question: 

Question 6.4. If (A±, Bi, Ei) and (A 2 , B 2 , E 2 ) are two Borel invariants such 
that the inequality (A i: B 1 , E±) < (A 2 , B 2 , E 2 ) is consistent, is it consistent 
that (}(Ai,Bi, E x ) holds and (}(A 2 , B 2 ,E 2 ) fails in the presence of CH? 

We will now move on to study countable support iterations. 

Definition 6.5. A Borel forcing notion is a partial order (X, <) with a 
maximal element 2 such that X and < are Borel sets. 

Given a Borel forcing notion, we will always interpret it in forcing ex- 
tensions using its code rather than taking the ground model forcing notion. 
Observe that many Borel forcing notions Q designed for adding a single real 
(e.g. those for adding Laver, Miller, Sacks, etc. reals) are equivalent to the 
forcing V(2) + x Q where V(2) is considered as the Boolean algebra with two 
atoms. The atom of V(2) which the generic selects can be thought of as the 
first coordinate of the generic real which is added. 

The following theorem will now become our focus: 

Theorem 6.6. Suppose that (Q a : a < u> 2 ) is a sequence of Borel partial 
orders such that for each a < uj 2 Q a is equivalent to V(2) + x Q a as a forcing 
notion and let P W2 be the countable support iteration of this sequence. IfV^ 
is proper and (A, B, E) is a Borel invariant then forces (A, B, E) < u-y 
iff V M2 forces 0(A,B,E). 

Remark 6.7. This is actually a rather weak formulation what can be proved. 
All of "Borel" that is used is that the forcing notions remain forcing notions 
in generic extensions and they can be computed from a real. Also, it is not 
entirely necessary that the forcing notions be in V; we will need only that 
the choice of the sequence of forcing notions does not depend on the "first 
coordinates" of the first uj\ generic reals added by the iteration. We chose 
the phrasing that we did both because of its simplicity and the fact that it 
covers most countable support iterations of definable forcings. 

2 In this paper we adopt the convention that if p is stronger than q then we write p < q. 
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We will prove this theorem as a series of lemmas. 

Lemma 6.8. Suppose that (V a , (V(2) + x Q a ) : a < 07) is a countable support 
iteration such that for all a < 10\ V a forces Q a is a proper partial order. For 
all a < uj\, the suborder P° C V a of all conditions whose first coordinate is 
trivial is completely embedded in V a - 

Proof. By induction on a we prove that the identity map i a : V® — > V a is 
a complete embedding. Note that for 7 < a, V® = {p \ 7 : p G V®}. Also 
observe that P° the direct limit of V® (7 < a) under the usual system of 
embeddings. 

If a = this is trivial. By the above observation, for a limit ordinal a > 
we have (checking conditions (1) - (3) of Definition 7.1 of Ch VII in |19j): 

1. Since t a is the inclusion map, it automatically preserves order. 

2. If p,p' are incompatible in there must be a 7 < a such that p \ 7 
is incompatible with p \ 7' in V® (this is a standard fact about direct 
limits — see 5.11 of Ch VIII in ^H])- By the induction hypothesis, p \ 7 
and p' \ 7 are incompatible in P 7 and hence p and p' are incompatible 
in V a - 

3. Given q in V a let (e 7 , g 7 ) denote 5(7). It is easy to check by induction on 
7 < a that there is a unique condition q in P° such that 5(7) = (1, g 7 ) 
for all 7 < a. We now claim that if r 6 V® extends q then r is 
compatible with q. Indeed, the 7 th coordinate of the common extension 
is (e 7 ,r 7 ) where r{^) = (l,r 7 ). 

This finishes the limit case of the inductive proof; the successor case is similar. 

□ 

Lemma 6.9. Suppose T is a forcing notion which does not add any countable 
sequences of ordinals and that V = (V a , Q a : a < 5) is a proper countable 
support iteration of Borel forcing notions. The forcings T * V and V x T are 
equivalent provided that they do not collapse 07. 

Proof. The T-name V will be used to refer to the iteration computed after 
forcing with T. It now suffices to show that V is equal to V . This will be 
proved by induction on 5. 

If 5 is a limit of uncountable cofinality then, by the inductive hypothesis, 
V and V are both inverse limits of equal orders (computed before and after 
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forcing with T respectively). Since T adds no new countable sequences of 
ordinals, it forces that cf(<5) > u. Therefore the inverse limit construction is 
absolute and we have that V equals V . 

If 5 is a limit of countable cofinality, the same argument applies with 
the observation that direct limits of systems with countable cofinality are 
absolute between models with the same countable sequences of ordinals. 

Finally, if 5 = a + 1 then V = V a * Q a . First we will prove that T does 
not add any new P^-names for reals. To this end, suppose that t is in T, r 
is forced by t to be a T-name for a P a -name for an element of 2^. Let A n 
(n < uS) be a countable sequence such that t forces that A n is a maximal 
antichain in V a whose elements decide the value of r(n). Since T * V a does 
not collapse U\, there is a i extending t, a p in V a and T-names C n such that 
i forces that C n is a countable subset of A n and is maximal below p. Since 
T does not add countable sequences, there is an extension of i which decides 
C n for all n. Hence T does not add any P a -names for reals and therefore Q a 
is the same computed after forcing with T * V a as it is after forcing with V a . 
Combining this with the inductive hypothesis we have 

V = V a *Q a = V a *Q a = V, 

thus finishing the proof. □ 

Definition 6.10. A forcing notion (V, <) is nowhere c.c.c. if for every p in 
V there is an uncountable antichain of elements which extend p. 

Lemma 6.11. IfV W2 is as in the statement of Theorem \6.b\ and V Wl is the 
c.s. iteration of {V a , Qa : a < Ui) then there is a V ui -name T for a tree 
of height uj\ which is nowhere c.c.c. and does not add reals such that is 
equivalent to V^ 2 * T. 

Proof. By passing to an equivalent iteration, we replace V UJl by the c.s. iter- 
ation of the orders V(2) + x Q a . Let T be the 7^ -name for the quotient of 
V lJ j l by the 7-*° -generic filter. Thus T is a tree of height u\ in which the a th 
level is the image of V%, in the quotient. Observe that if G C V% is generic, 
T is the collection of all t : a — > 2 in V[G] such that for every 7 < a, t \ 7 
is in V[G fl V®]. From this it is clear that T is nowhere c.c.c. Since T is 
V® -name for a tree of size u)\ which is everywhere of uncountable height and 
which embeds into a proper partial order, forces that T does not add 
any new countable sequences of ordinals. 
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Let V' be the P^-name for the remaining part of the iteration P W2 . Now 
V Ua is equivalent to (V® *T)*V' which is in turn equivalent to V Ul * (T *V) 
which is equivalent to (V U1 * V') *T = * T. □ 

The following lemma now completes the proof of Theorem 16.61 

Lemma 6.12. Let (A, B, E) be a Borel invariant such that (A, B, E) < u\. 

If T is a tree of height cu 1 which is nowhere c.c.c. and does not add reals 
then T forces 0(A,B,E). 

Proof. Let (£ < Ui) be a sequence of elements of B which witnesses 
(A, B, E) < U\ and let F : 2 <Wl — > A be a T-name for a Borel function. 
For each 5 < U\ pick a T-name fg for a real which codes F \ 5. For each t in 
T of height 5 pick a real St and a map h t : uj\ — > T such that 

1. the collection {/&t(£) : ^ < c^i} is an antichain and 

2. /h(0 extends t and forces r<5 to be s t . 

Define a T-name g for a function from a>i into 5 by making ht(£) force that 
= b^ where 5 is the height of t (if ^ is undefined somewhere define it 
arbitrarily) . 

Now let / be a T-name for a function from u>i to 2 and C be a T-name for 
a closed unbounded subset of u\. Let ^4 n be a sequence of maximal antichains 
in T such that if u is in ^4 n and has height 5 and w is in A n+ \ and extends u 
then m decides / \ 5 and forces that there is an element of C between 8 and 
the height of u. Since T does not add reals, there is a minimal t such that 
for every n there is a ii n in A n which is below t. Hence if S is the height of 
t, t decides / \ 5 and forces 5 to be in C. Now there is an a in A such that 
t forces that if F(f \ 5) is computed using the code s t then its value is a. 
Find a £ such that (a, 6^) is in E. The condition /tt(£) forces that 5 is in C 
and that (F(f \ 5),g(S)) is in E, finishing the proof. □ 

The following is a typical corollary of the previous two theorems. We will 
see in Section that this in turn implies that a = u = oj\ in the iterated 
Sacks model. 

Corollary 6.13. Both <0(r) and 0(f) hold in the iterated Sacks model. 
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The following result gives another way of seeing the relative consistency 
of X + -iCH. 3 Unlike the standard proofs (see Chapter I Section 7 of [77] ) 
where one deliberately arranges that Jt» holds in the forcing extension, the 
Sacks model was considered for entirely different reasons. 

Corollary 6.14. «t holds in the iterated Sacks model. 

Proof. Without loss of generality we may assume that our ground model 
satisfies CH. It suffices to show that S W2 * T forces £ where T is the forcing 
notion from Lemma 16.111 In 14 it has been (essentially) shown that for 
every § W2 -name X for an uncountable subset of uj\ there is a S^ 2 -name C for 
a closed and unbounded subset of U\ such that if p forces that 5 is in C then 
there is a q extending p and a ground model A C 5 which is cofinal such that 
q forces that A is contained in X. 

We will now work in the forcing extension given by S W2 . For each t in T, 
let ht : 0J\ — *■ "T be a 1-1 function such that the range of ht is an antichain 
above t. For limit 5 define a T-name Cg by letting ht(£) force Cg = A^ where 
{A^ : £ < uji} enumerates the cofinal subsets of 5 before forcing with B> W2 . 
The method of proof of Lemma 16.121 now shows that Cg (5 G lim(o>i)) is 
forced to be a Jfr- sequence. □ 

One "rule of thumb" which one learns when working with the classical 
invariants of the form (A, B, E) is that, if (A, B, E) < (C, D, E) is consistent 
then this can typically accomplished by a countable support iteration of 
length co>2 of proper Borel forcing notions in V (typically the sequence Q a 
(a < U2) is a constant sequence). 4 In such Theorem 16.61 tells us that 

(}(A, B, E) does not imply (C,D,F) is u%. The reader is referred to [2] for 
an introduction to some of the common Borel forcing notions and [23] for 
some of the more advanced techniques for building Borel forcing notions. 

The above results imply that =f) holds in many of the models ob- 
tained by adding a specific type of real. The following theorem, however, 
gives a much more natural setting for studying and its consequences. 

3 Baumgartner has demonstrated in an unpublished note that £ holds in the Sacks 
model. This result was obtained shortly after Shelah's proof of the consistency of X + ^CH 

4 In general this is a phenomenon which is not well understood and is currently being 
analyzed by a number of people. There are Borel invariants such as cov(jV) and (R w , J\f, C) 
which can only be separated if the continuum is larger than N w (/ C E if the range of 
/ is contained in E). This is because cov(Af) can have countable cofinality [20] while 
(R",.^, Q cannot and yet cov(TV) < (IT, A/", Q < cf([cov(jV)] w , Q- 
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Theorem 6.15. After forcing with a Suslin tree <0(M, 7^) holds. 

Proof. Similar to the proof of Theorem 16.61 fin fact it is most natural to show 
that (}(uj, =) holds after forcing with a Suslin tree). □ 

Many of the combinatorial consequences of 2 W < 2 U1 are in fact conse- 
quences of <0(M, 7^). It should be noted that Farah, Larson, Todorcevic and 
others have noticed that these consequences hold after forcing with a Suslin 
tree. 

Theorem 6.16. <^(M, 7^) implies: 

1. t = 0J\. 

2. There are no Q-sets. 

3. Every ladder system has a non-uniformizable coloring. 

4- There is an uncountable subset of a c.c.c. partial order with no un- 
countable 3-linked subcollection. 

Proof. Item ^ is deferred to Theorem 17.11 of the next section. The proof 
that <)(M, 7^) implies items El and El is the same as the proof that $(2, 7^) 
implies these statements (see [7]). Item|3]can be extracted from the proof of 
Theorem 7.7 of [S2] arid Theorem 17. II below. □ 

On the other hand, Larson and Todorcevic have had a great deal of success 
in proving that certain consequences of MA^ and other forcing axioms can 
hold after forcing with a Suslin tree (see |2Dj . jH]). A major open question 
in this line of research is: 

Question 6.17. Is <0(K, 7^) consistent with the assertion that every c.c.c. 
forcing notion has Property K? 

7 ^-principles and cardinal invariants 

There are a number of well studied cardinal invariants of the continuum 
which do not satisfy our definition of "invariant." Generally this is because 
the invariants in question make reference to some additional structure. For 
instance, u can be considered to be the smallest size of a reaping family 
which is also a filter base. A natural question to ask is how these cardinals 
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are influenced by the <}-principles we have considered thus far. It turns out 
that these <)-principles do have a strong impact on cardinals such as t, a, 
and u and moreover provide a uniform approach for computing the values of 
these invariants in many standard models. 

The first instance of this influence was Hrusak's proof that <0>g implies a = 
oj\. In addition to allowing for easier computations, the results below explain 
why the proofs of statements such as CON(b < a) and CON(t < u) require 
more sophisticated arguments than, e.g., CON(b < D). It also suggests that 
there are no natural formulations of statements such as <)(t) and <0>(o). 

The first theorem is essentially a recasting of the well known fact that 
2 W < 2 Wl implies i=u x . 

Theorem 7.1. <0>(M, =f) implies i = u)\. 

Proof. =f) is equivalent to (}(2,^) so we will use this assumption in- 

stead. Let X be the subset of consisting of all strictly C* decreasing 

sequences of sets. Let D : X —> [u] w be defined by setting the n th element 
of D(A) to be the least element of f] i<n A4 which is greater than n. Notice 
that D(A) is almost contained in A n for all n < co and D is continuous. 

Our map F will be defined on pairs A, C where A = (A% : £ < 5) is a 
strictly C*-decreasing sequence, 5 is a limit and C is an infinite subset of u 
which is almost contained in A^ for all £ < 5. Let B(A) be the collection of 
all even indexed elements of D((Ag n : n G to)) in its increasing enumeration. 
Set F(A, C) to be if C is almost contained in B(A) and 1 otherwise. 

Let g : u\ — > 2 be a Q(R, ^-sequence for F. Construct (A% : £ 6 u>i) 
by recursion. Let A n {n G to) be any strictly decreasing cu-sequence in 
Now suppose that (A% : £ < 5) is given. Define As to be B(A) if g(5) = 
and D((A$ n : n G cu)) \ B(A) otherwise. It is easily checked that if F((A^ : 
£ < S),C) is defined and not equal to g(5) then As does not almost contain 
C. □ 

The next result can be considered as an optimization of Theorem 11.11 It 
is an old result of Solomon that b < is provable in ZFC [B]. 

Theorem 7.2. <^(b) implies a — u)\. 

Remark 7.3. Shelah has shown that b < a is consistent [2B] (see also |0]). 

Proof. We will first define a Borel function F into the set lv u as follows. The 
domain of F is the set of all pairs ({A% : £ < 8),B) such that: 
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1. 5 is an infinite countable ordinal. 



2. {A^ : £ < (5} U {5} is an almost disjoint family of infinite subsets of ui. 

3. For infinitely many n the set B fl A 6(5 ( n ) \ Uj<n^e 5 (i) is non-empty. 
We will denote the set of n from condition 3 by I (A, B). Define 



F((Az : £ < 5), B){k) = min [B D A e , (n) \ |J A 



e«s(i) 



where n is the A; th least element of /(A, £?). 

Now suppose that g : — > w w is a <>(b)-sequence for F. By making the 
entries in g larger if necessary, we may assume that they form a <*-strictly 
increasing sequence of increasing functions. 

We will now construct a maximal almost disjoint family by recursion. 
Let (A n : n < to) be any almost disjoint family of infinite subsets of u>. If 
(A^ : £ < 8) has been defined, set 



A s = uj\ |J 



ra<o; 



^(n)\ U(5)(n)u|jA 



e«s(i) 



Since for each n the set 5 , (^)(^)U|J i<n A es ^ has finite intersection with A eg ^, 
A^ has finite intersection with A s for each £ < 8. 

To see that {A^ : £ < u^} is maximal, suppose that 5 is an infinite 
subset of uj. First notice that if 8 is at least ui and ((At : £ < 8), B) satisfies 
condition 2 but not condition 3 then B has infinite intersection with (in fact 
is almost contained in) As. Therefore we will be finished if we can show that 
if ((A« : £ < 8),B) satisfies conditions 1-3 and g guesses ((Ae : £ < uo\),B) 
at 5 then S fl A5 is infinite. 

To this end, suppose 

F((A r .£<8),B) p g {S) 

and let iV be a given natural number. For ease of reading we will let A 
abbreviate (A^ : £ < 8). Find a number k such that the A; th least element n 
of /(A, B) has the following properties: 

1. g(S)(k) is greater than F(A,B)(k) 
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2. the minimum / of B R A eg ^ \ [J i<n A es ^ is greater then N. 
The last choice is possible since 

i A es(j) \\J A e S (i) -3 

i<j 

forms a disjoint family of sets. It is now sufficient to show that / is in A$. 
Observe that the only possibility for removing I from As is with the index n 
since / is in every set of the form \_} i<m A &s u) for m > n and not in any A es ^) 
for i < n. Since k < n and g(S) is monotonic, I = F(A, B)(k) < g(5)(k) < 
g(S)(n). Thus I is not in 

A es (n) \ (g(5)(n)u\jA es{t) ) 

\ %<n j 

and therefore is in As as desired. □ 

Notation. If two functions /, g in u w are equal infinitely often, then we will 
write / =°° g. 

It is known that the cardinal non(.M) is equal to (u u , =°°) j2]. 

Definition 7.4. j^Hj The cardinal a e is the smallest size of a maximal col- 
lection A C uj u of eventually different functions. 

It follows from the above remark that a e > non(A^) and it has been 
shown by Brendle that strict inequality is consistent 0. 

Theorem 7.5. <0>(a> w , =°°) implies a e = u 1 . 

Proof. Let A n (n G oS) be a fixed partition of a; into infinite pieces. The 
domain of F will be all countable sequences 5) of eventually different 

functions and an h E u) u which is eventually different from every (£ < 5). 
For convenience our F will take values in (uj 2 ) u . Set F((f^ : £ < 5), to 
be (k, h(k)) where k is the least integer in A n such that g(l) ^ f es U)(l) for all 
i < n and I > k. 

Let g : U\ — > (u; 2 ) 1 ^ be a ^>(w w , =°°)-sequence for F. Construct a sequence 
of eventually different functions /t (£ G ci>i) by recursion. Let /e for £ < 5 be 
a given sequence of eventually different functions. Let V be the collection of 
all (k,v) such that k is in v4 n , g(<5)(n) = (k,v), and if £ < 5 with e^ 1 (£) < n 
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then f%(k) 7^ v. Notice that for a given k there is at most one v such that 
(k, v) is in T, and that T is almost disjoint from for all £ < 5. Define fs(k) 
to be v if (k,v) is in T for some t> and fs(k) to be the least integer greater 
than f^(k) for all £ with e^ 1 (£) < k. Notice that fs is eventually different 
from /e for all £ < 5. To see that {/t : £ G a;i} is maximal, let /i 6 and 
notice that if F({f% : £ < 5), h) is defined and infinitely often equal to g(<5) 
then /a agrees with ft, on an infinite set — namely those fc's for which T was 
used in the definition of fs(k). □ 

Recall that <)o is the following statement from [16J: 

^> There is a sequence gg : 5 —> lo indexed by u>\ such that if / : uj\ — > to 
then there is a 5 > u> such that f \ 5 <* g$. 

It is straightforward to check that <0 o is a consequence of <^(f). The following 
theorem answers a question asked in [To] . 

Theorem 7.6. <0 implies that can he partitioned into uj\ compact sets. 

Remark 7.7. Spinas has shown that it is consistent that = u)\ and yet cj w 
cannot be partitioned into u\ disjoint compact sets |2^j . 

Proof. Notice first that any cr-compact subset of oj u can be partitioned into 
countably many compact sets. This follows from the fact that uj u is 0- 
dimensional. If / G u u , let Kf be the collection of all g in u w such that 
9 < /• If C C is compact and / G cu^ ' \ C, let A(/, C) be the maximum 
of A(/, y) where y ranges over C (if C is empty then let A(/, C) =0). Since 
C is compact and / is not in C, this is always a finite number. 

Let gs (5 G Ui) be a ^-sequence. Given Q (£ < 5), a disjoint sequence 
of compact sets for limit 5, define 

Fs= |J [K gt »\\J{xeuf:A(x,C e )>g(Z)}]. 

9=*9S 5<<5 

Notice that [j^ <s {x G oj u : A(x,C^) > <?(£)} is open and hence Fs is cr- 
compact. Let {Cs+n : n G w} be a partition of Fg into disjoint compact sets. 
Clearly the sequence C% (£ G u>i) is pairwise disjoint. Let x be in oj u and 
suppose that x is not contained in for any (6^ Define / : L)\ — > a; by 
setting / f a; = x and /(£) = A(x,Cg) if £ > a;. Now pick an 5 > such 
that / C 5 <* It follows that x is in and therefore in Cs+ n for some n, 
a contradiction. □ 
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Recall that a free ultrafilter U on uj is a P-point if whenever F n (n G uS) 
is a sequence of elements of U, there is a J7 in W such that U\U n is finite for 
each n & cu. 

Theorem 7.8. <D(r) implies that there is a P-point of character In 
particular <0(t) implies u = u)\. 

Remark 7.9. Shelah and Goldstern have shown that u>\ = t < u is consistent 

m 

Proof. The domain of the function F we will consider will consist of pairs 
(U, C) such that U = (Ug : £ < 5) is a countable C*-decreasing sequence of 
infinite subsets of u and C is a subset of lo. 

Given U as above, let B(U) be the set {ki : i G u} where 

k i = mm(f]U e7 i u) \(k i - 1 + l)). 

Note that B(U) is infinite and almost contained in for every £ < 5. Let 

F(C/,C) = {« : fcj G(7nfi(f/)} 
if {z : fcj G C fl S(C/)} is infinite and let 

F{U,C) = {i: k^CnBiU)} 

otherwise. Now suppose that g : u\ — > [u] u is a <)(r)-sequence for F. Con- 
struct a C*-decreasing sequence (U^ : £ G a>i) of infinite sets by recursion. 
Let U n = u\n. Having defined [7 = (U^ : £ < S) let (7 S = {fcj : i £ 5 , (<^)} 
where B(U) = {ki : i G u;}. 

The family : £ G cji) obviously generates a P-filter. To see that it is 
an ultrafilter, note that if a C C a; is given and g guesses U,C e& 5 then t/^ 
is either almost contained in or almost disjoint from C. □ 

By combining the above proof with the argument that shows that = lo\ 
implies the existence of a Q-point one can without much difficulty prove the 
following. 

Corollary 7.10. +Xf — iO\ implies that there is a selective ultrafilter of 
character oj\ . 
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Recall that i is the smallest cardinality of a maximal independent family. 
In |Tj the rational reaping number 



x Q = (V(Q) \ NWD, "does not reap") 



is considered and it is proved that t, c) < Zq < i. As with the earlier lemmas 
we show that the last inequality is, in a sense, sharp. 

Theorem 7.11. <0(tQ) implies \ = u\. 

Proof. For this proof we will view Q C 2 U as the collection of all binary 
sequences with finite support. We will now define a Borel function F on 
pairs ((I^ : £ < 5), A) where 5 is an ordinal less than ui and A and 1^ are 
subsets of u) for all £ < 5. The range of F will be contained in V(Q). 

If 5 is finite or / = (1% : £ < 5) is not independent then return Q as 
the value of F(I,A). Otherwise, let x n (f) be the element of 2 W defined by 
x n (I)(k) = 1 iff n is in I eg (k)- Observe that X(I) = {x n (/)}^i is dense in 
2 W since I is independent. Fix a recursive homeomorphism h from X{F) to 
Q. Now put F(I, A) to be the image of {x n (I) : n G A} under the map h. 

Now suppose that g is a <0(tQ)-sequence for F. We will now build an 
independent family {1^ : £ < u^} by recursion. Let {I n : n < tu} be any 
countable independent family. Now given I = (1% : £ < 5), let t in 2 <w be 
such that g(5) is dense in [t] = {x G 2 W : t C x}. By altering if necessary, 
we may assume that is contained in [t] and that [t] \ /i 1 (^(<5)) is 

also dense in [t]. Let C = {n G w : h(x n ) G <?(<$)}■ First we will see 
that C has a nonempty intersection with Hi<|n| -Cs(i) ^ M extends t where 
F = I and 1° — cu \ I. If rz is in such an intersection then x n (T) must 
be in [u] by definition. Now, if u extends t, pick an n such that x n is in 
h^ 1 {g{5)) fl [it]. Then n is in C and in H^M ^(iV Similarly one shows that 
u\C intersects every set of the form Hi<|«| -C 5 (i) ^ or ever y u m 2 <UJ - Form Is 
so that (if : £ < 5) is independent and fl f]i<|t| -^(i) = 

We are now finished once we show that {if : £ < a^} is a maximal 
independent family. It is now sufficient to show that if g guesses ((if : £ < 
at 5 then {if : £ < 5} U {^4} is not independent. In fact, if t is the 
element of 2 <UJ used in the definition of C then 




i<\t\ 
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is either contained in or disjoint from A. 



□ 



A natural question to ask is whether <)(non(.M)) implies the existence of 
a Luzin set. The answer is negative as the following theorem shows. 

Theorem 7.12. It is consistent that both <^(non(.M)) and <0(non(jV)) hold 
and there are no Luzin or Sierpinski sets. 

Proof. In the Miller model the cardinals non(A'f) and non(7V) are both u\ 
and hence by Theorem 16 . 61 the corresponding <)-principles hold. On the other 
hand, Judah and Shelah jTH] have shown there are no Luzin or Sierpinski sets 
in this model. □ 

One should note that results of this section combined with those of the 
previous section provide unified approach to determining values of cardinal 
invariants with structure in many models in which this was traditionally done 
by arguments specific to the forcing construction at hand (see e.g. [H]). 



8 <0>(A E) and the Continuum Hypothesis 

One of the most remarkable facts about the principle $ of Devlin and Shelah 
is that, while it resembles a guessing principle in its statement, it is in fact 
equivalent to the inequality 2 W < 2 W1 [7J. The purpose of this section is to 
show that this phenomenon is rather unique to the invariants between (R, 7^) 
and (2, 7^) which characterize $. In particular we will show that ^>(M W , 2) is 
not a consequence of CH. To emphasize the relevance of this to the invariants 
considered in literature, we introduce the following definition. 

Definition 8.1. A Borel invariant (A, B, E) is a a-invariant if it satisfies 
the following strengthenings 

3 + . There is a Borel map A : A w — > B such that for all {a n } in A u the 
relation a n EA({a n }) holds for all n. 

4+. There is a Borel map A* : B u — > A such that for all {b n } in B w the 
relation A*({b n })Eb n does not hold for all n. 

Notice that if (A, B, E) is a Borel cr-invariant then (A, B, E) > u>\. More- 
over the cardinal invariants (A, B, E) which appear in the literature typically 
satisfy these conditions. The connection to (R w , 2) is the following. 
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Proposition 8.2. If (A, B, E) is a Borel a-invariant then (A, B, E) is above 
(M?, 2) and below (M? , C) in the Borel Tukey order. 

Proof. We will only present the proof for (R w , ^) as the proof dualizes to 
the other case. Since B must be an uncountable Borel set for (A, B, E) to 
be a a-invariant, we can find a Borel isomorphism between B and R. Thus 
it suffices to show that (B w , 2) is below (A, B, E) in the Borel Tukey order. 
The map / : B w — > A is the map A* and the map g : B — > sends 6 to the 
constant sequence b. If b is in .B 1 ^ and b is in 5 with A*(b)Eb then 6 could 
not be in the range of b. Hence b^Bb. □ 

Theorem 8.3. CH does not imply <^(M W , 2). 

In order to prove this theorem, we will prove a more technical result which 
may be of independent interest. 

Theorem 8.4. It is relatively consistent with CH that whenever C is a ladder 
system and f is a sequence of distinct elements of 2^ indexed by lim(o;i) ; there 
is a countable decomposition lim(u;i) = IJ^Lo -^n such that if 7 < S are in X n 
then 

|C 7 nC 5 | < A(r 7 ,r 5 ) 
where A(r 7 ,rs) is the size of the largest common initial segment of r 7 and 

We shall now prove several lemmas that will at the end allow us to prove 
Theorem 18.41 For the purposes of this proof let 9 be a large enough regular 
cardinal. 

Given a pair C, f as in the theorem we will denote by - the partial 
order consisting of functions q : lim(<5 + 1) — > 2 <UJ for 5 < iO\ and such that 

1. q(f3) is an initial segment of 773 for every (3 G dom(g), 

2. if (3 and 7 are distinct and q((3) = 5(7) then \C 1 fl Cp\ < A(r 7 , r^). 

ordered by extension (reverse inclusion). 

If q is in ^ CC^ has order type u, r is in 2 W , and a is in 2 <w , then 
we will say that q is consistent with (C, r) 1— > a if a is an initial segment of 
r and \C fl Cs\ < A(r, rs) for every 5 G dom(g) with q(S) = a. 

Lemma 8.5. Let q G p . 
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1- If C Q ^1 has order type uj, \C H dom(g)| is finite, and r is in 2 W 
then there is an n G uj such that for all m > n q is consistent with 
(C, r) *—>■ r \ m. 

2. If q is consistent with (C a ,r a ) \— > a then there is a q < q such that a 
is in the domain of q and q(a) = a. 

3. Let M be a countable elementary submodel of H(9) such that f G M. 
If 8 = M r\uj% then for every (3 G M n 0J\ and n G uj there is a 7 > f3 
in M such that r 7 \ n — r$ \ n. 

Proof. For (1) n = |Cndom(g)| obviously works. For (2) enumerate lim(a + 
1) \ dom(g) as {cVj : i G /}, where / is either an integer or uj, so that a = a^. 
Recursively pick a sequence a n (n G /) so that o"o = a, q is consistent with 
{C an ,r a J h-> a n , and \a n \ < \a n+1 \. Then set 



To prove (3), let a = r$ \ n. As it is finite, a G M, and S witnesses that 



Notice first that if G is a Q^-generic filter then {X a : a G 2 <w } is the 
required decomposition, where X a = {a : 3q G G(q(a) = a)}. 

Next we will show that the forcing ? is proper and does not add new 
reals, and that moreover these forcings can be iterated with countable support 
without adding reals. Recall that a forcing notion Q is totally proper if for 
every countable elementary submodel M of H(9) such that Q G M and for 
every q G MflQ there is a q < q which is a lower bound for a filter containing 
q which is Q-generic over M. Every such q is called totally (M,V)-generic. 
Q is a-proper (a < uji) if for every q in Q and every increasing G-chain 
{M/3 : (3 < a) of elementary submodels of H(9) such that q, Q G M , there 
is a q < q which is (M 7 , Q)-generic for every 7 < a. If Q is a-proper for 
every a < u)\ we will say that Q is < uj^-proper. 

It is not difficult to see that a forcing notion Q is totally proper if and 
only if it is proper and does not add reals (see [H]). 




q{f3) if (3 G dom(g) 
a n ii (3 = a n for some n G /. 



h (37 > /3)r 7 t n = °- 



Hence M satisfies the same by elementarity. 



□ 
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Lemma 8.6. The forcing notion -. is totally proper. 

Proof. Let M be an elementary submodel of H(9) such that C, r G M. Fix 
a g G Q^j? H M and select an enumeration {D n : n G a 1 } of all dense open 
subsets of - which are elements of M. Without loss of generality M 
is an increasing union of an G-chain of elementary submodels M n (n G cu) 
such that q and Qg? are in M and D n is in M n . Set 8 — M H Ui and 
a = r,5 |~ |C 5 n dom(g)|. Construct a sequence q n (n G cj) of conditions 
together with a sequence (3 n {n G of ordinals so that 

l- q > qo > qi > ■ ■ ■ > q n > q n +i >••-, 

2. C 5 n M n C /3 n G M n , 

3. A(r /3n , r 5 ) > |C 5 nM n |, 

4. g n G M n n D n , dom(g n ) = f3 n + l, and g n (^ n ) = o. 

Constructing these sequences is straightforward using Lemma lH31 Having 
done this let 

1= \Jq n V {{$,*)}■ 

Notice that as q n is consistent with (Cg, r$) i— > a for every n 6 f is a 
condition in g is obviously totally (M, ^-generic since for every n, 

g is below q n which is in D n . 

□ 

Lemma 8.7. Qq^ is a-proper for every a <uj\. 

Proof. We will prove the lemma by induction on a. Assume that the lemma 
holds for every < a. Let {Mp : (3 < a] and q G ? fl M be given. Set 
5/3 = M/3 fl cui for each (3 > a and let a = r$ a \ \C$ a fl dom(g)|. 

If a = (3 + 1 for some (3 let g' G M a , q' < q, be generic over all M 7 with 
7 < /?. As in Lemma [8.61 extend g' to g which is (totally) generic over M a . 

If a is a limit ordinal, we will mimic the proof of Lemma 18.61 Fix a 
sequence of ordinals a n (n G lo) increasing to a. Let {D n : n G u} be an 
enumeration of all dense open subsets of - in M a such that D n G M an . 
Construct a sequence q n (n G w) of conditions together with a sequence (3 n 
(n G o>) of ordinals so that 

i. q > qo > Qi > ■ ■ • > Qn > q n +i > , 
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2. C Sa n M an C(3 n e Ma, 



3. A(r an ,r Sa ) > \ C$ a Pi M an | , 

4. g n G M n n D n , dom(g n ) = j3 n + 1, and = a, and 

5. g n+ i is M 7 -generic for every 7 < a n . 

Let g = Unew U {(5 a , cr)}. The verification that this works is as in Lemma 
EH 

□ 

Recall the following definition and theorem from 

Definition 8.8. ^T] Let P be totally proper and Q a P-name for a forcing 
notion and let 6 be a large enough regular cardinal. We shall say that Q is 
2-complete for V if WHENEVER 

1. JV 6 JVi 6 iV 2 are countable elementary submodels of H(9), 

2. P,Qe N , 

3. G G iVi is P-generic over iVo and has a lower bound, and 

4. j 6 iVo is a P-name for a condition in Q, 

IT FOLLOWS THAT there is a G" G V which is Q-generic over A^ [G] such 
that q[G] G G' and if t G V is a lower bound for G and t is V- generic for N\ 
and N2 then t forces that G' has a lower bound in Q. 

Theorem 8.9. fTTf Let V R = (V a , Q a : a < k) be a countable support 
iteration such that lh Q u Q a is < uj\-proper and Q a is 2-complete for V a ". 
Then V K is totally proper. 

Lemma 8.10. Let V be a totally proper < ui-proper poset and let Q be a 
V-name for ^ for some pair C, f. Then Q is 2-complete for V. 

Proof. Let N G Ni G N 2 be countable elementary submodels of H{6) and 
let V, Q G iVo- Assume that G G N\ is an (N , V) -generic filter having a 
lower bound and let q G iVo be a P-name for a condition in Q. We have to 
find a G' which is a <2[G]-generic filter over iVofG] such that whenever t G V 
is a lower bound for G which is also P-generic over Nx and A^ 2 then there is 
a P-name s such that t lh "s is a lower bound for G"." 
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Let S = u>i fl N and set 

V = {D G N [G] : N [G] |= 11 D is dense open in Q[G] n }. 

Since N ,Q,V and G are all elements of Ni and |= "X> is countable", we 
can find an enumeration T> = {D n : n G uj} which is in N%. 

Let 8 be the collection of all (C, r) such that C is a cofinal subset of 5 
of order type uj and r is in 2 W . Clearly S is in N\. Find an enumeration 
{(C n ,r n ) :neu} = 

{(C, r) G £ n iVi : (V/? < <J)(Vn G w)(3 7 G [/?, 5))(r 7 t n = r \ n)} 

which is in N 2 . If we knew what C$ and rg evaluated to, we could proceed 
as in the proof of Lemma (8.61 to produce G' . This is typically not the case. 
What we do know, however, is that any t which is a lower bound for G and 
is P-generic over N\ and forces that (Cs,rs) appears in the enumeration 
{(C n ,r n ) : n G uj}, since V does not add any new reals. This allows us to 
simulate the proof of Lemma f8. 61 bv diagonalizing over all possible choices of 
(C 5 ,r 5 ). 

Again we may and will assume that A^ is the union of an G-chain of 
elementary submodels M n (n G u) such that {M n : n G uj} is in Ai, q[G] is 
in M and D n , (C n ,r n ) are both in M n [G]. Construct a sequence q n (n G to) 
of conditions together with a sequence F n (n G uj) of finite sets of ordinals 
and a n (n G uj) of elements of 2 <w by recursion on n so that for every i < n 

1. q[G] >qi> q n , 

2. C i n M n [G] C minF n G Af n [G], 

3. q n is consistent with (C l ,r l ) h- > cr, 

4. there is a 7 in F n such that A(r 7 , r l ) > \C l fl M n |, 7 is in the domain 
of q n , and g n ( 7 ) = a h 

5. p n G M n [G]nD n . 

It is not difficult to construct these sequences. It follows directly from 
Clause El that if we set 

G' = {s G N [G] : (Bn G uj)q n < s} 
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then q[G] £ G' and G 1 is Q-generic over iV [G]. Notice that, for every i,n £ u, 
q n is consistent with (C l , r l ) i — >• <Xj. Define a name s by 



t lh "s(/3) 



in) i 



q n (P) if ft e dom(cfo 
(Ji if f3 = 8 and t lh = C* and r 5 



It is easy to see that if t is a lower bound for G and is P-generic over Ni and 
A^ 2 then t lh "s6 Q" and obviously s will be lower bound for G'. 

□ 

Proof, (of Theorem 18. 4j) Let V be a model of CH. Construct a countable 
support iteration = (V a , Q a : a < uj 2 ) such that for every a < uj 2 we 
have lh Q u Q a = - for some pair C,r". Since CH holds in V and lh Q 
= Mi" it follows that V W2 satisfies the a>2-cc.. A standard bookkeeping 
argument ensures that in V^ 2 every pair C, r admits a decomposition of 
= U«eu, such that 

|C 7 nC 5 | < A(r 7 ,r 5 ) 

whenever 7 < 5 are in the same X n . By Theorem 18.91 and Lemmas 18.71 and 
I8.1U1 CH also holds in so the proof of Theorem 18.41 is complete. 

□ 

We will now finish the proof of Theorem 18.31 Start with the model of the 
Theorem 18.41 First we will need the following lemma. 

Lemma 8.11. There is a ladder system C$ indexed by the positive countable 
limit ordinals such that C 7 fl C$ is an initial segment of both C$ and C 7 
whenever 7 < 5 are limits. 

Proof. Let h : uj <w <-> uj be a bijection which satisfies h(s) < h(t) whenever 
s is an initial part of t. For a fixed limit 5 > 0, we shall build an increasing 
u;-sequence 5 n (n G to) cofinal in 5 such that for every n the ordinal 5 n has 
the form 

S n = £ + hdejlJSi) :i<n» 

for some limit ordinal £ (note that £ depends on n, is possibly equal to and 
that this decomposition of 5 n is unique for any given n). 

To see that this can be done, first note that if S = £ + & for some limit 
ordinal £ then 

S n = ^ + Kie^Si) :i<n)) 
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recursively defines the sequence of <5 n 's. If 5 is a limit of limits, then first 
choose an increasing sequence of limits £ n (n < uS) which is cofinal in 5. 
Again 

8 n = £ n + h((e^ + J6i) :i<n)) 

recursively defines the sequence of 5„'s. 

Now suppose that for some positive limit ordinals 5, e < ui\ and some 
m, n < uj 5 m = e n . We need to show that m = n and that if i < m then 
5i = €j. Find a unique limit ordinal £ and a unique element t in u <UJ such 
that 

S m = £ + h(t) = e n . 
Now notice that m = \t\ = n and 

8i = es m (t(i)) = e- en {t{i)) = e { 

for any i < n. □ 

Fix Cs = {8 n : n € o>} as in Lemma [8.1 11 For simplicity, identify R with 
2 W . The domain of F will consist of a countable sequence t = (t n : n e u>) of 
functions from a to 2 for some aEwi. Let the n th element of the sequence 
be given by 

k i t„(4) 

where 5 = Now suppose that g : U\ — > R w is given. For each i, let 
lim(u;i) = \J%L Xij such that for all 7 < 5 in X it j 

|C 7 nC 5 | <A(^( 7 )(*)^(5)(i)). 

Now it is possible to choose / n : tui — ► 2 in such a way that if 5 is in Xjj 
then g(S)(i) is the mapping 

k i-> / 2 '3^(4)- 

Thus for all limit 5 the range of is contained in the range of F(/ f 5). 

Remark 8.12. Shelah has shown that ^>(3,=) is not a consequence of CH 
(Section VIII. 4 of [2*7] ) and Eisworth has shown that (}([uj} 2 , uj , ^) is not a 
consequence of CH [TUj . 
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